Abstract. The intrinsic differential Galois group is a twisted form of the standard differential Galois group, defined over the base differential field. We exhibit several constraints for the inverse problem of differential Galois theory to have a solution in this intrinsic setting, and show by explicit computations that they are sufficient in a (very) special situation.
shows that G K is an inner K-form of G ω K (cf. [K1] , 4.1, [Br] Let Γ K = Gal(K/K) be the absolute Galois group of our base field K, and fix a K-group G with uninteresting K-structure (for instance, K-split, as is G ω K ). The isomorphism classes of the K-torsors over G (resp. the K-forms of G) are parametrized by the pointed set H 1 (Γ K , G(K)) (resp. H 1 (Γ K , Aut K (G))), where Aut K (G) denotes the group of K-automorphisms of G. The classes of inner forms of G lie in the image of H 1 (Γ K , G(K)) under its natural (usually not injective) map Int to H 1 (Γ K , Aut K (G)), cf [Sp] , 12.3.7. The knowledge of G K (M ) is therefore a priori finer than that of G ω (M ), but less precise than that of P K,ω . One of the problems we raise here is where in between it really lies: cf. end of §3. Another problem we address is whether each 'reasonable' K-form of a given K-group G takes the shape of a G K (M ) for some M : cf. §2, and some explicit examples in §3. In neither cases do we get definitive answers, and the paper should just be viewed as a random approach to a better formulation of these problems.
Of course, such questions are of interest only if K is not algebraically closed, and for a given M ∈ D K , the algebraic closure K := K M,ω of K in the Picard-Vessiot extension L M,ω plays a role in our study. Denoting by ω a fiber functor over C extending ω to D K , we recall that L/K is a regular Picard-Vessiot extension, whose standard differential Galois group is the group of C-points of the connected C-group G
, while on the level of intrinsic groups (now over K ), we have in view of [K 1], Prop. 4.3,
Thus, the (classical) Galois extension K /K has intrinsic Galois group X
; this amounts to endowing the finite group X
with the structure of Γ K -group given by conjugation by the elements of Γ K .
Finally, two points on terminology:
• K-split (1) group G: although the intrinsic Galois groups G K (M ) come equipped with a connexion, this expression is here not used in the sense of Pillay's paper [P] in these Proceedings, but in the usual sense of algebraic groups over fields of characteristic 0, namely: a K-group is K-split if its connected component of the identity contains a maximal torus T which is defined over K (there always is one) and whose group of characters over K generates the K-algebra K [T ] . Any K-group G is split over K, and a minimal subfield of K over which G is split will be called a minimal splitting field for G.
• constant K-group G: this just means that G is obtained from a C-group by extension of scalars from C to K (typical example:
(1) i.e. groupe déployé sur K. We shall also encounter split extensions (extensions scindées), but fortunately no splitting field of a polynomial (corps de décomposition) or of an algebra (corps neutralisant).
constant K-group is trivially split over K. A constant finite group X (typical example:
) is the finite Γ K -group corresponding to the trivial action of Γ K on X.
2. The intrinsic inverse problem. Let (K, ∂) be a differential field as in §1, let G be a K-algebraic group, and let R : G → GL(V ) be a faithful K-rational representation on a K-vector space V of finite dimension. In [B] , I raised the following 'intrinsic' version of the inverse problem of differential Galois theory: given G and R, can one find a structure of 
Of course, this condition is automatically fulfilled if G is a reductive group (cf. [B] ), but it is a non trivial one if G is unipotent. For instance, on using the correspondence between unipotent algebraic groups and nilpotent Lie algebras in characteristic 0, the family of nilpotent Lie algebras given in [Bbk] , Ex. 18, §4, yields a counterexample. 2nd constraint: if G is commutative, it must be isomorphic over K to a constant group. Equivalently, its maximal K-torus must be split over K. This is clear: a commutative group has only one inner K-form.
3rd constraint: we have just seen that a realizable K-group G which is non split over K cannot be connected if its connected component of the identity is commutative. In fact, the same conclusion holds true without the latter assumption as soon as the base differential field K is of cohomological dimension cd(K) ≤ 1 (cf. [S] , II.3), as is the field of meromorphic functions on a compact Riemann surface B. More precisely:
, and let L = L M,ω be the corresponding Picard-Vessiot extension of K. We shall show that in both cases under review, the K-group G
Therefore, for one ('the', in the second case) minimal splitting field F for G,
Since the condition on cd(K) is stable under finite extensions, and since G
In the second case, we are already done. In the first case, we apply
2): all torsors under a connected group over such a field K are trivial. Choosing a K-rational point on the bitorsor P
Here is a more conceptual proof of Proposition 1. Since Γ K acts trivially on
, and we deduce from the exact sequence of pointed sets
, hence of the associated inner form of G ω K , dies over a Galois extension of K whose degree divides the order of X ω . In fact, the exact sequence above gives a bijection β between the pointed sets H
III.2.4, cor. 3, so that a more methodological way to formulate the inverse problem is as follows (we assume cd(K) ≤ 1). Let G be a C-group, and let X be its group of connected components. For any
In this point of view, the description given in §1 of the K-structure of X K can be viewed as a constraint on Int(ξ). On denoting centers by Z, and on applying [S] , §5, Prop. 42, the only freedom left to ξ then lies in H 1 (K, Z(X )), or more precisely, in the quotient of this group by the image of
4th constraint: this does not concern the realizable group G itself, but the differential equations which realize it (in some faithful representation). We assume that K is the field of meromorphic functions on a compact Riemann surface B and denote byK s the formal completion of K at a point s ∈ B. When stating an inverse problem, one usually fixes a set of points S on the base B, and insists that the realization M be smooth away from S . Proposition 2 shows that the minimal number of singularities needed to solve the intrinsic inverse problem may be larger than the corresponding one (cf. [M-S] ) in the standard case. In fact, S will now depend on the K-structure of G, and it may be useful to view the differential Galois groups as group schemes over B \ S, as in [A2] . 
Looking at the corresponding maps on the usual Galois groups attached to ω, ω as in §1, we deduce that ψ is injective. See also [A1] II.1.3, where the isomorphism in the last formula should be replaced by an inclusion.
Going back to Remark 1, notice that since Aut K (G) acts on the connected component of the identity G We now turn to examples, and check that the simplest possible groups which satisfy the above conditions can indeed be realized as intrinsic Galois groups.
3. Examples in dimension 1. We limit our description to the C 1 -field K = C(z), with ∂ = d/dz = , to K-groups G of dimension 1 and to faithful representations R into GL 2 (K). We leave the case G 0 = G a to the reader. Then, G 0 is a one-dimensional torus T , i.e. the split torus G m or the circle group SO(q) attached to a non-degenerate binary quadratic form q over K. Recall that these anisotropic forms of G m are parametrized by
: to a non square φ ∈ K * , one associates the quadratic form q(x, y) = x 2 − φy 2 . The minimal splitting field for T = SO(q) is the quadratic field K( √ φ). We further make the simplest possible assumption taking care of the 3rd constraint simultaneously for all T 's, namely that X = G/G 0 has order 2. The only Γ K -structure X can be endowed with is then the trivial one. In other words, the K-groups G we consider are extensions of the constant group X := Z/2Z by the K-torus T . We start by listing all possible such groups.
Let τ be the homomorphism from
, G is commutative, and by the 2nd constraint, T must be split. In other words, G must be then the constant group G m × Z/2Z. We know that any differential system over K with standard Galois group C * × Z/2Z will realize G, say
, and (G, R) can easily be realized too. Thus, we assume from now on that τ is an isomorphism, i.e. that G is not commutative. Notice that when T is isotropic, this forces the restriction of R to T to be isomorphic to the standard diagonal representation of G m into SL 2 . Since H 2 ({±1}, G m ) has two elements, two kinds of groups may then occur:
• If the extension splits, G is the semi-direct product T × τ Z/2Z . This is the dihedral group OT attached to T (i.e. when T = SO(q), the orthogonal group O(q)), and R is isomorphic to its standard representation.
• Otherwise, G contains only one element of order 2, and is the unique extension N T of Z/2Z by T which is not a split extension, while R(G) is the normalizer in SL 2 of its 
Realizing O(q): let φ, with ord ∞ φ ∈ {−1, 0}, be a non square element of K * , so that
, and let M be the D K -module structure on V = Ke 1 ⊕ Ke 2 given by:
In other words, we are considering the differential equation y + (In fact,
denotes a quadratic form in the class of
is not finite, say because M has an irregular singularity at ∞. Hence, G K has dimension at least 1, and in view of (ii), must coincide with O(q).
The main point in this proof is that in (ii), the tensor Q is not pure, yielding a non-split form of the dihedral group OG m . Of course, the standard differential Galois group G ω then has no choice but to coincide with the group OG m over C. For instance, if φ = z, a basis of solutions of the differential equation is given by {e
z }, and it is easy to check directly that 
In other words, we are considering the differential system In conclusion, we point out that although we have yet to meet a group admitting both split and non split realizations (2) , the above examples do show that G
Let us show that its intrinsic Galois group
Of course, such possibilities do not occur over base fields of the type K = C((z)), so that in general, higher dimensional examples will be needed to shed light on the link between the finite group Gal(K /K), and the K-structures of G
Acknowledgements. I thank Z. Hajto and T. Crespo for allowing a discrepancy between the titles of my talk More generally, let K be a differential field with cd(K) ≤ 1, let X be a finite quotient of its absolute Galois group Γ K , and let G be a C-group with group of connected components G/G 0 X . Then, the constant form G = G ⊗ C K of G is realizable if and only if the center Z(G) of G maps onto the (necessarily abelian) group X -in which case no other K-form of G will be realizable-while the constant form G 0 ⊗ K of G 0 occurs in a realizable K-form of G if and only if the centralizer of G 0 in G maps onto X .
